Wang and Nur 1] have published a series of measurements on ultrasonic velocities of liquid hydrocarbons and mixtures. They found that their data on hydrocarbon mixtures could be adequately explained using a simple mixing rule having the form of a volume average over the velocities of the pure hydrocarbon constituents hV i = X x i V i ; (1) where the x i s are the volume fractions of the constituents and the V i s are their acoustic velocities. This result is somewhat surprising since the formula (1) has no known theoretical standing. We would have expected instead that a liquid mixture should obey Wood (2) where the e ective adiabatic bulk modulus of the uid mixture is given by the harmonic mean (or Reuss average) 1
of the constituents' adiabatic bulk moduli (K i = i V 2 i ) and the average density is just = X x i i : (4) Wood 2] states that the formula (2) is \: : : applicable to a mixture of any two uid media, which do not react chemically."
Wood's formula (2) may be seen to be based on the fact that, when written in terms of isothermal moduli, (3) is an exact result for the e ective bulk modulus of an immiscible uid mixture during quasistatic deformations. It has also been shown 3] that, when written in terms of adiabatic moduli (as it is here), (3) is expected to provide a very good approximation to the bulk modulus for immiscible uid mixtures and suspensions. Wood's formula is therefore known to be correct for immiscible mixtures of Newtonian uids at low frequencies 4], and should also give an adequate description of the ultrasonic data on hydrocarbons if the acoustic wavelengths in the uid mixtures are su ciently large. The center frequency of the transmitter in the Wang and Nur 1] experiments was 2.25 MHz and a typical value of the wave speed was 1.3 km/s, so the wavelength is approximately 0.6 mm. Whether this wavelength is large or small depends on the manner of the uid mixing: If the uid is well-mixed at the microscopic level, then this is a large wavelength. However, if the uid mixture typically contains blobs of one uid oating in the other liquid, then the largeness of the wavelength depends on the smallness of these blobs. The mixtures were described as being \well-stirred" by Wang and Nur 1]. How this translates into the microstructure of the uid mixture is unknown to the author, but if the hydrocarbons are miscible and nonreactive (as is most likely 5]) then the blobs should be of molecular size and Wood's formula should apply.
Another well-known estimate that might be expected to work well in describing these data is the time average formula of Wyllie et al. 6] 1
Although this formula is not exact in any nontrivial limit, it is based in part on Fermat's principle of least traveltime through a mixture. The average traveltime will generally be greater than the minimum traveltime. It follows that the time average velocity will generally be lower than the actual velocity. Therefore, we expect the velocity estimate (5) to be a lower bound on the true velocity, whenever this formula applies. Successful applications of the formula have been made to solid-solid and solid-liquid mixtures 4,6], but it is known that the formula gives poor results when a gas phase is present. Applicability of the formula depends also on the wavelength. To be consistent with the derivation, the wavelength should be short compared to the inclusion size. Since Fermat's principle may be derived from the eikonal equation which is a high frequency approximation, the wavelength should be small when this formula applies. Although various numerical comparisons have been made (see for example Kuster and Toks oz 7]), to the author's knowledge general relationships among these three estimates of mixture velocities have not been noted before. The main purpose of this paper is to point out that these estimates are ordered, i.e., Wood's formula always gives a smaller velocity than the time average, which is in turn always smaller than the volume average. The secondary purpose is to show that all three estimates give an adequate description (within 1%) of the ultrasonic data on hydrocarbon mixtures presented by Wang and Nur 1].
First, the general relationship between (1) and (5) is trivial, because it is well-known that the harmonic mean is always less than or equal to the mean 8]. Thus, we have 1
Then, for a binary mixture with x 1 = x and x 2 = 1 ? x, we consider the di erence 
The fact that the right hand side is less than or equal to zero follows from the fact that the geometric mean is always less than or equal to the mean 8]. This result establishes the general relation for binary mixtures that
Finally, to establish the result (8) for multicomponent mixtures, we consider
where the inequality in (9) follows from Cauchy's inequality 8] for sums (
i . Thus, (9) shows that (8) is a general result for multicomponent uid mixtures.
Combining these results, we obtain the set of inequalities V W h1=V i ?1 hV i :
(10) These results have been derived for arbitrary multicomponent uid mixtures, including but not restricted to binary mixtures. Table 1 presents the velocity data of Wang and Nur 1] on 14 pure hydrocarbons, together with the known densities 9,10], and computed adiabatic bulk moduli at 20 C. The estimated uncertainty in the measured velocities (pure hydrocarbon as well as hydrocarbon mixtures) is stated to be 0.2 %. Including likely errors in the density values of about 0:1%, an error propagation analysis shows that the error in computing the e ective bulk modulus needed in Wood's formula is about 0.5 %. Table 2 compares the measured velocities of binary alkene mixtures as a function of volume fraction to the computed velocities using Wood's formula, the time average estimate, and the volume average estimate. All three computed values lie within 0.6 % of the measured values for all values of volume fraction. The volume average estimate is generally closer to the measured values than either of the other two estimates. However, when measurement errors in both the mixture velocities and the two pure hydrocarbon velocities used to compute these values are considered (0.3 + 0.2 %) together with the fact that the nominally \pure" hydrocarbon samples were actually only 90{96 % pure 11], we see that the remaining di erences are in fact too small to allow us to distinguish the three formulas | except for the fact that they are ordered, as we have shown. We note that the time average estimate does appear to be a lower bound on the measured values in all cases. The signi cance of this observation is unclear however, since we believe the wavelengths to be long compared to the size of the uid microstructure. Table 3 compares the measured velocities of multicomponent hydrocarbon mixtures to the same three velocity estimates. (Note that the last mixture in this table contains both 2% of the alkene 1-octene | with chemical formula C 8 H 16 | and 6 % of the naphthene cyclooctane | having the same formula C 8 H 16 , but a di erent structure and density.) All three estimates are again within 1 % of the measured values, but now the volume average estimate is not always the one closest to that observed. The more complex uid mixtures seem to agree somewhat better with Wood's formula. In all but one case, Wyllie's time average velocity is again observed to be a lower bound on the measured velocities. However, the main result appears to be that the three estimates are again virtually indistinguishable for this data set.
Our conclusion is that the volume average formula used by Wang and Nur 1] apparently gives good agreement with the velocity data for these hydrocarbon mixtures because in all cases the spread in velocities is so small that Wood's formula, Wyllie's time average, and the volume average all give virtually the same results (within probable experimental error). In general, Wood's formula is expected to give reliable estimates even when the uid constituents have widely di ering acoustic speeds (as in the case of liquid/gas mixtures), whereas the volume average formula is expected to have more limited applicability.
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